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§0 Introduction 

Let X be a finite set of alternatives. A choice fnnction c is a mapping which 
assigns to nonempty snbsets S' of A an element c(S) of S. A rational choice fnnction 
ins one for which there is a linear ordering on the alternatives snch that c{S) is the 
maximal element of S according to that ordering. (We will consider choice fnnctions 
which are defined on snbsets of X of fixed cardinality k.) 

Arrow’s impossibility theorem [ArrSO] asserts that nnder certain natnral condi¬ 
tions, if there are at least three alternatives then every non-dictatorial social choice 
gives rise to a non-rational choice fnnction, i.e., there exist profiles snch that the 
social choice is not rational. A profile is a finite list of linear orders on the alter¬ 
natives which represent the individnal choices. For general references on Arrow’s 
theorem and social choice fnnctions see [Fis73], [Pel84] and [Sen86]. 

Non-rational classes of choice fnnctions which may represent individnal behavior 
where considered in [KRSOl] and [KalOl]. For example: c{S) is the second largest 
element in S according to some ordering, or c{S) is the median element of S (assnme 
IIS'! is odd) according to some ordering. Note that the classes of choice fnnctions 
in these classes are symmetric namely are invariant nnder permntations of the 
alternatives. Gil Kalai asked if Arrow’s theorem can be extended to the case when 
the individnal choices are not rational bnt rather belong to an arbitrary non-trivial 
symmetric class of choice fnnctions. (A class is non-trivial if it does not contain 
all choice fnnctions.) The main theorem of this paper gives an affirmative answer 
in a very general setting. See also [RF86] for general forms of Arrow’s and related 
theorem. 

The main resnlt is related to clones which are stndied in nniversal algebras (bnt 
we do not nse this theory). On clones see [Szb99] and [Szn96]. 

Notation : 

1) n, m, /c, £, r, s, t, f, j natnral nnmbers always /c, 

many times r are constant (there may be some misnses of k). 

2) A a finite set. 

3) C a family of choice fnnction on (^) = {Y :Y C A, |y| = k}. 

4) ^ is a clone on A (see Definition 2.3(2)). 

5) a^b^e E A. 

6) c, d, G 

7 ) 
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Annotated content 

§1 Framework 

[What are A, C, = Av{^), the Arrow property restriction to (■^),<^ is 
{X,k) = FCF (debt: no connection for different k — S) and the Main 
theorem. For C, ^, r = r(^).] 

Part A : The simple case. 

§2 

[Dehne a clone, r(^). If / G ^(r) is not a monarchy, r > 4 on the family 
of not one-to-one seqnences a G then / is a projection, 2.5. 

Dehne fr-£,kj basic implications on fr-£,k G 2.6, 2.7. 

If r = 3, / G ^[s] is not a monarchy on one-to-one triples, then / withont 
loss of generality it is fr-i ,2 or gr-i ,2 on then 2.8. 

If r = 3, / is not a semi monarchy on permntations of a. 

If r = 3, there are some “nsefnl” /, 3.1. Implications on fr-£,k G ^.] 

§3 Getting € is fnll 

[Snfhcient condition for r > 4 with fr-i ,2 or so (3.1), end? r = 3? 

Snfhcient condition for r = 3 with gr-i ,2 or so (3.3). 

A pnre snfhcient condition for € fnll 3.4. 

Snbset (^), closed nnder a distance 3.5. 

Getting the hnal conclnsion (relying on 3, 3.6).] 

§4 The r = 2 case. 

[By stages we get a / G which is a monarchy with exactly one ex¬ 
ceptional pair 4.2 - 4.4. Then by composition we get g G ^2 similar to 

/r;l,2-] 

Part B : Non simple case. 

[Maybe we can start with this and prove from part A only what is nsed; 
important qnestion from presentation does not interest me.] 

§5 Fnllness - the nonsimple case 

[We derive is fnll” from varions assnmptions, and then prove the main 
theorem.] 

§6 The case r = 2. 

57 The case r > 4. 
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§1 Framework 

1.1 Context. We fix a finite X and r = {0,..., r — 1}. 

1.2 Definition. 1) An (W, r)-election rnle is a f un ction c snch that: for every 
“vote” t = {ta '■ a e X) e ^r we have c{t) G r = {0,..., r — 1}. 

2) c is a monarchy if (3a G W)(Vt G ^f)[c{t) = to]- 

3) c is reasonable if {\/t){c{t) G {ta : a G W}). 

1.3 Definition. 1) We say £ is a family of choice fnnctions for X {X — FCF in 
short) if: 


Cf C {c :c is a fnnction 

Dom(c) = {X){= family of nonempty snbsets of X) 

and (VF G ^-{X)){c{Y) G F)}. 

2) € is called symmetric if for every tt G Per(W) = gronp of permntations of X we 
have 

cG£^7r*cGCf 

where 


71 * c{Y) = TT ^(c7r(F)). 

3) = t^-{X). 

1.4 Definition. 1) We say av is a r-averaging fnnction for if 

(а) av is a fnnction written avy (ai,..., ar) 

(б) for any ci,..., G C, there is c G snch that 
(VF G ^-(A))(c(F)) = avy (ci(F),..., c,(F)) 

(c) if a G F E ^~{X) then avy (a,..., a) = a. 

2) av is simple if avy (ai,..., a^) does not depend on F so we may omit F. 

3) AVr(C) = {av : av is an r-averaging fnntion for C}, similarly AV^(C) = (av : 
av is a simple r-averaging fnnction for C}. 

4) AV((2:) = [jAVr{<t) and AV^{€) = 1JAF;(C). 
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1.5 Definition. 1) € has the simple r-Arrow property if 

r 

av G AV^{€) ^ \y (Vai,..., a 2 ) av(ai,..., a 2 ) = at 

t=i 

such av is called monarchial. 

2) Similarly without simple. 


1.6 Question : 1) When does € have the Arrow property? 

2) Does |C| < poly(|W|) ^ r-Arrow property? 

1.7 Remark. The question was asked with defined for every X] but in the 
treatment this does not influence. 

We actually deal with: 

1.8 Definition. If 1 < /c < |W| — 1 and we replace 7^~{X) by (^) =: {Y : Y C 

A, |y| = /c}, then is called (A,/c) - FCF, = {^),k = av is [simple] 

r-averaging function for €; let k{<t) = cx) if = JY~{X); let = Av^{€) let 

^ r-place}. 


1.9 Discussion : This is justified: 

1) For simple averaging function, k > r the restriction to implies the full result. 
[In the end, draw the conclusion.] 

2) For the nonsimple case there is a little connection between the various € \ (^) 
(exercise). Our aim is (but we shall first prove the simple case): 

1.10 Main Theorem. There are r^^r^ < oj. (We shall he able to give explicit 
values, e.g. r^ = r^ = 7 are O.K.) such that: 

® if X is finite, r^ < k, |A| — r^ > k and £ is an {X, k)-FDF and some av 
G AVr{C) is not monarchial, then every choice function for (^) belongs to 
(= ^ is full). 
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Part A : Simple case. 


§2 Context and on nice /’s 

Note : Sometimes Part B gives alternative ways. 

2.1 Hypothesis (for part A). 

(а) X a, finite set 

(б) 5 < /c < |X| — 5 

(c) C a symmetric (X, k)-FCF and C 7 ^ 0 

(d) = I f : f an r-place fnnction from X to X snch that C is closed nnder 
/ that I f 6 AV;(£)} 

(e) iX — U{^p] : r < u} 

(/) r(^) = Min{r : some / G is not a monarchy}. 

2.2 Fact. ^ is a clone on X (see 2.3 below). 

2.3 Definition. 1) / is monarchial = projection if / is an r-place f un ction (from 
X to X) and for some t, (Vti, ..., Xn)f{xi ,..., Xr) — Xf. 

2) ^ is a clone on X if it is a family of fnnctions from X to X (for all arities) 
inclnding the projections and closed nnder composition. 

2.4 Definition. For C, ^ as in 2.1: 

r{€) = rm{<^) ='■ Min{r : some / G Clr is not monarchial} 

(let r(^) = cx) if C is monarchial). 

2.5 Claim. A ssume 

(а) f e 

(б) 4 < r = rm{l^) = Min{r : some f E iX is not a monarchy} . 
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Then 

1) for some I G we have f{xi,... ,Xr) — xe if xi^... ^ Xr has some 

repetition. 

2) r < k. 

Proof. 1) Clearly there is a two-place function h from {1,..., r} to {1,..., r} such 
that: Si = yk f\ ^ ^ k ^ fivi, • • •, Vr) = yh{e,k)'-i we have some freedom so let 
without loss of generality 

^ i^k^ h{i,k) ^ k. 

Assume toward contradiction that 

(§) (l)’s conclusion fails, i.e. h \ h{l^ k) : 1 < I < k < r} is not constant. 


Case 1 : For some x G '^X and 7 ^ /ci G {1,..., r} we have 

f{x) ^ Xi, 


equivalently: h{£i,ki} ^ {£i,/ci}. 

Without loss of generality £1 = r — 1, /ci = r, f{x) ~ xi (as for a permutation a of 
r} we can replace / by /^,/^(xi,..., = /(a:^(i),..., a:^(r))). 

We can choose x y in X so h{x, y,... ,y) = x hence £ 7 ^ /c G {2,...,r} ^ 
h{£,k) = 1. 

Now for £ G {2,..., r} we have agreed /i(l, £) ^ £, (see Kl) so as h \ {{£, k) : £ < k} 
is not constantly 1 (by ®) without loss of generality/i(l, 2) = 3. But as r > 4 
letting X ^ y E X we have f{x, x, y, y) is y as /i(l, 2) = 3 and is x as /i(3, 4) = 1, 
contradiction. 


Case 2 : Not Case 1. 

Let X ^ y compute f{x,x,y,y,...) it is x as /i(l,2) G {1,2} and it is y as 
/i(3, 4) G (3,4), contradiction. 

2) Follows as for r > k we always have a repetition. ^ 2.5 


2.6 Definition. fr-e,k — fr,i,k is the r-place function on X dehned by 


fr-,£,k{^) 


Xi 

Xk 


X is with repetition 
otherwise 
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2.7 Claim. 1) If fr, 1,2 e ^ then fr/,k e (t for £ k e {1,... ,r}. 

2) If fr, 1,2 G ^ and r = r[^] > 3 then fr+ 1 , 1,2 G 

Proof. 1) Trivial. 

2) First assume r > 5 . Let g{xi, ..., x^+i) = fr, i, 2 {xi, 0 : 2 , T 3 ... r^) where 

(that is Xm+i is omitted). 

So for any a: 

if d with no repetitions: 


^ 3 (®) ^ 3 ? ■ • • 7 dm 

g{a) = f{ai, 02, as,..., dr) = a2 

if a has repetitions say a£ — dk then there is m G { 3 ,..., r}\{£ — l,k — 1 } hence 
(ai,..., dm, am+2, • • •, ftr+i) IS with repetition so Tmia) = di so (ai, a2, ■ ■ ■, T^(a),...) 
has repetition so g{d) = ai. 

Second assnme r = 4 : 

Let (ti, ..., T4), (7 be of arity 5 and for x = {xi,..., X5) we let g{x) = /r,i,2(Ti(x), ..., T4 
where 

(*)i Ti(:r) == xi 

(*)2 r2{x) fr,l,2{xi,X2,X3,X4) 

(*)3 rs{x) = fr,l,3ixi, X2, X3, X5), T4 {x) = fr,l,3{xi, X2, X4, X5). 

Note that 

(*)4 for X with no repetition t^(x) = X£. 

Now check that g, i.e. is as reqnired. 

Third assnme r = 3 : 

Let 5f'(a:i,a:2,a:3,a:4) = /r,i,2(Ti, T2, T3) where 


Ti = Xi 


'^2 /*r, 1,2(^17 ^27 ^4) 


T 3 = fr,l,2{x2,X3,X4). 


02.7 


Now check (or see 4.7’s proof). 
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2.8 Claim. A ssume 

(a) ^ is a symmetric clone, 

(/3) every f G ^[ 2 ] is a monarchy, r = r[^] = 3 

( 7 ) /* G .^[ 3 ] and for no i E {1,2,3} do we have (V 6 G ^X)(h not one-to-one 

^r{h) = bi). 

Then for some g G ^[ 3 ] not a monarchy we have: (a) and (b) where 

(а) for b G which is not one-to-one g{b) = fr-i, 2 (b), i.e. = bi 

( б ) forb G ^X which is not one-to-one g{b) = gr-,i, 2 {b), see below 


Where 

2.9 Definition. gr-i ,2 is the following function^ from X to X. 


gr-l,2Xxi,X2, . . . ,X2) 


X2 if X2 = X3 — . . . — Xr 
Xi if otherwise 


Proof of 2.8. The same as the proof of the next claim ignoring the one-to-one 
seqnences (i.e. /(ai, a 2 , 03 )), see more later. 


2.10 Claim. Assume tX is a symmetric clone, r — r{tX) = 3, /* G ^, f* is 
a 3-place function and not a monarchy and d G ^X is with no repetition such 
that: if d' = {a[,a 2 ,aX) is a permutation of d then f*{d') = a}; but -i(V 6 G 
^X){b not one-to-one f(b) = bi)). 

Then for some g G ^3 we have (a) or we have (b) where: 

(а) (i) forb G ^X with repetition, g(b) — fr-,i,2(b), i.e. g(b) = bi 
(ii) g{d') = a '2 for any permutation d' of d,b 

(б) (i) forb G ^X with repetition, g(b) = gr-,i, 2 (b) 

(ii) g{d') = a} for any permutation d' of d (see on gr-, 1,2 in 2.9). 


Proof. Let d = (ai, 02 , as)-, (a, b, c) denote any permntation of d. 

Let W = {b :b G ^X and [6 is a permntation of a or 6 not one-to-one]}. 
Let = {/ \ W : f G tX}, f = f* \ W; recall that /(ai, 02 , as) = ai. 

Let for rj G ^{1,2},/^ be the 3-place fnnction with domain W, snch that 
[remember that f{x, y, y), f{x, y, x), f{x, x, y) are monarchies and]: 

^this is the majority function for r = 3 
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^0 / 7 ,(aa(i), a<^( 2 ), a<T( 3 )) = ^^(i) for a G Per{l, 2, 3} 
fr]{a-l,Ci2,Ct2) = CLrt{l) 

fr]{(ll,Ci2,CLl) = CLr]{2} 

fri{ai,Cll,Cl2) = Clr]{3) 

Now 

(*)o f e{fr,:r]e ^2} 

[why? just think: by the assumption on /* and as r{^) = 3?] 

(*)i if ?y = ( 1 , 1 , 1 ) then fn is ^ f 

[why? frt{xi,X 2 ,X 3 ) — Xi on kb, i.e. is a monarchy] 

(*)2 if ? 7 , z/ G 3 { 1 , 2 },? 7 ( 1 ) = z/( 1),?7(2) = z^( 3 ),? 7 ( 3 ) = z/(2), then G ^ 

[Why? In f{x, y, z) we just exchange y and z] 

(*)3 if /<2,2,2,> £ then /<i,2,2> ^ 

[Why? Dehne g by g{x, y, z) = f<2,2,2>{x, f< 2 , 2 , 2 >{y, x, z), f<2,2,2>{z, x, y)) 
(so g G ^~) hence 

g(a, b, c) = /< 2 , 2 , 2 >(a, 6 , c), generally satishes KIq 


g(a, b, b) =/< 2 , 2 , 2 >(a, f< 2 , 2 , 2 >(b, a, b), f< 2 , 2 , 2 >(b, a, b))) 
= f< 2 , 2 , 2 >(a, a,a) = a 


g{a, 6 , a) —/< 2 , 2 , 2 >(a, f< 2 , 2 , 2 >{b, a, a), /< 222 >(a, ^)) 

= /< 2 , 2 , 2 >(a, a,b) = b 


g{a, a, 6 ) —/< 2 , 2 , 2 >(a, /< 2 , 2 , 2 >(a, ^), /< 2 , 2 , 2 >(^, «)) 

= /< 2 , 2 , 2 >(a, 6 , a) = b. 


So S' — /< 1 , 2 , 2 > 

(*)4 /<1,2,2> £ ^ /<2,1,2> £ ^ 

[Why? Let 
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So 


g{x,y,z) = f<i, 2 , 2 >{x,yj<i, 2 , 2 >{z,x,y)) 


and 


g{a, h,c) = a and g satisfies KIq 


g{a, 6 , b) =/<i, 2 , 2 >(a, 6 , /<i, 2 , 2 >(^ a, b)) 
= f<i, 2 , 2 >(a,b,a) = b 


g{a, 6 , a) —/<i, 2 , 2 >(a, b, /<i, 2 , 2 >(a, b)) 

= /<i, 2 , 2 >(a, 6 , 6 ) = a 


g{a, a, 6 ) —/<i, 2 , 2 >(a, /<i, 2 , 2 >(^, «)) 

= /<i, 2 , 2 >(a,a, 6 ) = b. 

So g = fc 2 ,i, 2 > so /< 2 ,i, 2 > e as promised 

(*)5 /<2,1,2> = /3;3,1, i-G. 


/'<2,1,2> (ti , T25 T3) 


T 3 


if |{a;i,a: 2 ,T 3 }| = 3(i.e. ({xi, 2 : 2 , T 3 } = a) 

JL |{ti,2:2,T3}| < 2 


when (xi, 2 : 2 , T 3 ) G W 
[Why? Check.] 

(*)6 f<2,2,l>{xi, X2, X3) = 2:2 if 2 > 2:2, 2:3}! 

[Why? Check.] 

(*)? /<2,1,2> G ^ -v^ /<2,2,1> G ^ 

[Why? See (*)2 in the beginning.] 

(*)8 /< 1 , 2 , 1 > £ /< 1 , 1 , 2 > £ 

[Why? By (*)2 in the beginning.] 

(*)9 /< 1 , 2 , 1 > e f< 2 , 2 ,l> e 

Let g{x, y, z) = /<i,2,i>(t, /<i,2,i>(i/, t), f<i,2,i>{z, x, y)) 
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g{a, 6, c) —/<i, 2 ,i>(a, c, a), /<i, 2 ,i>(c, a, 6)) 

= /<i, 2 ,i>(«, b,c) = a 
and generally g satisfies KIq 

g{a, b, b) = /<i, 2 ,i>(a, /<i, 2 ,i>(^ b, a), f<i, 2 ,i>{b, a, b)) = /<i, 2 ,i>(a, b, a)) = b 

g{a, 6, a) = /<i, 2 ,i>(a, /<i, 2 ,i>(^>, «, a), /<i, 2 ,i>(a, a, ^>)) = /<i, 2 ,i>(a, b,a) = b 

g{a, a, 6) = /<i, 2 ,i>(a, /<i, 2 ,i>(a, 6, a), /<i, 2 ,i>(^, a, a)) = /<i, 2 ,i>(a, 6, 6) = a. 
So 5 r = /<2,2,1> hence /< 2 , 2 ,i> e 
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Diagram 

Diagram (arrows mean belonging to follows) 

/<2,2,2> G ^ 


i (*)3 

/<1,2,2> e ^ /<1,2,1> e ^u\ ^ ^<1,1,2> e ^ 

^ ' (*)8 

i (*)4 (*)9 / 

/<2,1,2> e ^ ^ /<2,2,1> e ^ 

(*)7 

among the 2^ fnnction one is discarded being a monarchy, see (*)i, six appear 
in the diagram above and implies fr-2,i G by (*)5 hence danse (a) holds, and 
one is gr-i,2 becanse 

(*) gr-1,2 = f<2,l,l> on W. 

(Why check?), so danse (b) holds. □2.10 

Continnation of the proof of ? : As r(^) = 3 for some g G ^2, f* agrees with 
for all not one-to-one triples b. If ry = ( 1 , 1 , 1 ) we contradict an assnmption and 
if ?7 = ( 2 , 1 , 1 ), possibility (b) of 2.8 holds. If ry = ( 2 , 1 , 2 ) then f*(b) = 62 for 
b G not one-to-one (see (*)5) and as f* is not a monarchy we get possibility (a), 
possibly permntating of the variables; similarly ?y = ( 2 , 2 , 1 ). In the remaining case 
(see the diagram), there is f & ^ agreeing on {b G : b is not one-to-one} with 
fr, for rj = (1, 2, 2) or ?y = (1, 2,1), withont loss of generality /* = /. 

If ?y = ( 1 , 2 , 2 ) dehne g as in (*)4, i.e. g{x, yy, z) — f*{x, y, f*{z, x, y)) so for a non 
one-to-one seqnence b G ^X we have g(b) = /<2,i,2>(^) = ^3- If for some one-to-one 
a G ^X we have /*(a3, ai, a2) 7^ as then g{ai, a2, as) = /*(ai, a2, f*{as, ai, a2)) G 
{ai, a2} so permnting the variables we get possibility (a). So we are left with the 
case a G ^X is one-to-one ^ f*{a) = «i- 

Let ns dehne g G #’[3] by g{xi, X2, xs) = /*(/(t 2, T3, xi), 2:3,2:2). Let b G ^X] 
if b is with no repetitions then g(b) = /*(62, ^>3, ^2) = bs- If 6 = {a,b,b) then 
g(b) = /*(/*(6, 6, a), 6, 6) = f*{a,b,b,) = a = bi and if 6 = {a,b,a) then g(b) = 
f*{f*{b, a, a), a, b) = /*(6, a, 6) = a = 61 and if 6 = (a, a, b) then g(b) = /*(/*(a, a, b), 6, a) 
f*{b, 6, a) = a = 61, so for b not one to one, g{b) = 61. So yy is as reqnired in danse 
(a). 
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Lastly, let rj = (1,2,1) and let g{x,y,z) = J*{xJ*{y,z,x)J*{z,x,y)) by (*)9, 
easily [b is not one-to-one ^ g{b) = /<2,2,i>(^) = ^2]- Now (ai,a2,a3) is with no 
repetitions and /*(a2, as, ai) = ai then g{ai, a2, as) = ai and possibility (a) holds. 
Otherwise for \b G is one-to-one ^ f*(b) G {61,62}]; so if (ai,a2,a3) G is 
one-to-one and /*(a2,a3,ai) 7^ a2 then g{ai, a2, as) 7^ a2 (as /*(a3,ai,a2) 7^ a2) 
so possibility (a) holds. Hence [6 G ^X is one-to-one ^ /*(6) = 62]. Let g* be 
g*{x,y,z) — f*{f*{x,y,z), f*{x,z,y),x). Now if 6 is one to one then g*(b) = 
/*(62,63,6i) = 63. Also_if 6 = (a, 6, 6) then g*^) = /*(/*(a, 6, 6),/*(a, 6, 6), a) = 
/*(a, a, a) = a, and if 6 = {a,b,a) then g*{b) = /*(/*(a, 6, a),/*(a, a, 6), a) = 
/*(6, a, a) = 6 and if 6 = {a,a,b) then g*{b) = f*{f*{a,a,b), f*{a,b,a),a) = 
/*(a, 6, a) = 6. So (7* is as reqnired in the case ry = (1, 2, 2). □ 2.8 

3.1 Claim. A ssume 

(a) ^ is a symmetric clone of X 
(/!) every f G ^[2] monarchial 
(7) f* G tX[s] is not monarchial. 

Then one of the following holds 

(а) for every one-to-one d G ^X for some f = fa we have 

(*) /a (a) = a 2 (even /a (a') = for d' a permutation of d) 

(ii) ifb& ^X is not one-to-one then /a ( 6 ) = 61 

(б) for every one-to-one d G ^X, for some f = fd ^ ^[3] we have: 

{i) if b is a permutation of d then fd{b) = 61 
(m) z/6 G ^X is not one-to-one then /a( 6 ) = ( 7 r;i, 2 ( 6 ) 


(c) for every one-to-one d G for some f = fd ^ ^[3] we have 
{i) if b is a permutation of d then /a (6) = ai 
(m) z/6 G ^X is not one-to-one then /a (6) = (7r;i,2(6) 


Proof. As ^ is symmetric, it snffices to prove “for some a” instead of “for every 
a”. 

Case 1 : For some £{*) if 6 G ^X is not one to one then /*(6) = 6^(*). 
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As f* is not monarchial for some one-to-one a G ^X,f*{d) 7 ^ say f*{d) = 
k{*) 7 ^ ^(*). As ^ is symmetrical withont loss of generality £(*) = 1 , k{*) = 
2 . So possibility (a) holds. 

Case 2 : Not case 1. 

By 2.8, withont loss of generality/* satishes (a),(b) or (c) of 2.8 with /* instead 
of g. Bnt danse (a) of 2.8 is case 1 above. So we can assnme that case (b) of 2.8 
holds, i.e. 

(*) if 6 G is not one-to-one then /*( 6 ) = gr-i, 2 , i-e. 


nb) 


62 if ^2 = bs 
bi if 62 ^ bs 


If 2.10 applies we are done as (a) or (b) of 2.10 holds hence (a) or (b) of 3.1 
respectively holds, so assnme 2.10 does not apply. So consider a one-to-one seqnence 
a G ^X and it follows that we have seqnences a^, a^, both a permntation of d snch 
that /\[{f*{d^) = a\) = {f*{d^) ^ a^)]. 

i 

Using closnre nnder composition of ^ and its being symmetric for every permn¬ 
tation cr of {1, 2, 3} (and as ( 7 r;i ,2 is preserved by permnting the variables) there is 
fa G ^[ 3 ] snch that: 

(^) /<T 7 ®cr(2) 7 •l'(j(3)) 

(m) if 6 G ^X not one-to-one then f(h) = gr-,i, 2 (b)- 

Let (cTp : p G ^2) list the permntations of {1,2,3}, necessarily with repetitions. 
Now we dehne by downward indnction of /c < 3, /p G ^ for p G ^2 (seqnences of 
zeroes and ones of length k) as follows: 


lg[p) = 3^ fp = fa^ 


lg{p) < 3 ^ fp{xi,X2,X3) = fp{xi, fp-<0>{xi,X2,X3), fp-^iy{xi,X2,X3)), 
Easily (by downward indnction): 

(*)i if 6 G ^X is with repetitions then fp(b) = gr-i, 2 (b) (as gr-, 1,2 act as majority). 
Now we prove by downward indnction on /c < 3 

(*)2 if 6 is a permntation of a, p G ^2, p<i z/ G ^2 and f^ib) = ai then fp(b) = ai. 
This is straight and so /<> is as reqnired in danse (c). 03.1 


Similarly 
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3.2 Claim. 1 ) If Qr ■,l,k £ ^ then 

(a) ^ ^ £i 7 ^ /ci e {1 ,..., r} 

(b) gs;i ,2 £ ^ for s > r [seemingly not used]. 


Proof. l)(a) Trivial. 

(b) By induction on s so without loss of generality s = r + 1. Let g{xi,..., Xr+i) 

9 r-i, 2 ixi, gr-i, 2 {xi,..., Xr), X 3 ,..., Xr+i) SO g E (t and 

g{a, b,b,...,b) = ^r;i, 2 (a, ^r;i, 2 (a, b,...,b),b,...,b) = ^r;i, 2 (a, b,b,...) =b. 

Now if 5 r^+i;i, 2 (ai,..., Or+i) = then 

Case 1 : ( 7 r;i, 2 (ai, a 2 ,..., a^) = ai - trivial. 

Case 2 : Not 1; so (ai,..., a^+i) = (a, 6 ,..., 6 , c) where 6 7 ^ c so easy to check. 
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3 Getting € is full 


3.1 Lemma. : Assume 

(а) r > 3, ^ is a clone on X 

(*) fr- 1,2 e ^ or just 

(*)“ if a G '^X one-to-one for some f = fa ^ /a(«) = 0,2 and [6 G '^X 

not one-to-one ^ faib) = 61 ] 

( б ) C is a (non empty) family of choice functions for = {Y C X : |y| = k} 

(c) C is closed under every / G ^ 

(d) C is symmetric 

(e) k>r>2,k>b,\X\ — k>7,r. 

Then € is full (i.e. every choice function is in). 


Proof. Without loss of generality r > 4 (if r = 3 then clause (e) is hne also for 
r = 4, the case (*) holds is O.K. by 2.7, and if (*)“ we repeat the proof of 
2.7 for the case r = 3, only g{xi, X2, X3, X4) = /<ai,a2,a3>(Ti, T2, T3) where T2 = 
/<ai,a2,a4>(Tl,T2,T4),T3 = /<ai ,a3,a4> (^1, T3, 2:4) where for OUe-tO-OUe d G ^X,fa 
is dehned by the symmetry; this is the proof of 4.7). Assume 

K cle€,Y* e (^), ct(y*) = al and G T*\{at}. 

Question : Is there c G (T such that c{Y*) = and (VT G ('^))(y j^Y*^ c{Y) = 
ct(y))? 

Choose C2 G C such that 

(а) c^(T*)=a^ 

(б) n(c2) = |{T G (^) : C2(T) = cj(y)}| is maximal under (a). 

Easily C is not a singleton so n(c 2 ) is well dehned. 


3.2 Subfact : A positive answer to the question implies that € is full. 

[Why? Easy.] 

Hence if n(c 2 ) = — 1 we are done so assume not and let Z G {^),Z 7 ^ 

Y*,cl{Z)^cl{Z). 

Case 1 : For some Z as above and C 3 G £ we have 
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cl{Z)^{cl{Z),cl{Z)). 

If so, let a3 = C3(y*) and a% G y*\{a^, a^, a^}, etc. so (ajj",..., a*) is one-to-one, 

a| e y*. 

Let c| G for £ = 4,... be snch that c|(y*) = exists as C is symmetric. 

By assnmption (a) we can choose / G ^[r\ snch that 

r f{al,...,a*) =al, 

t a G "^X is with repetitions f (a) = ai 

Let c = /(ci, C2,..., c*) so c G C and: 

ciY*) = f{al,a;,...,a:) = a* 

& cl(Y) = c’^(Y)^c(Y) = f[cUY),c’^(Y),...) 

= f(cUY),cUY),...) = cUY) 


c{Z) =!(c{(Z),cl(Z),cl(Z),...) 

= cl(Z) (as|{c:(Z).4(Z),c|(Z)}|<2). 

So c contradicts the choice of c^. 

Case 2 : There are C 3 ,c| G € snch that C 3 (y*) 7 ^ C 4 (y*) are 7 ^ a^,a 2 bnt c'^iZ) = 
cl{Z) or at least \{cl{Z), c^iZ), c^{Z), cl{Z)}\ < 4. 

Proof. Similar. 

Case 3 : Not case 1 nor 2 . 

Let ^ = {Z : Z C X, jZj = k and cl{Z) ^ 4iZ)} so 

(*)i 7^ 0, {y*}. 

[Why? ^ 7 ^ by the snbfact above. Also we can hnd Z G ('^) 

snch that |y* fl y| = 2, c^(y*) ^ Z. Let tt G Per(W) be the identity 
y, 7r(c^(y*)) 7^ c^(y*). So conjngating cl by tt we get C2,n(c2) > 0.] 

(>k )2 if y G ,5^, c G ^ and c(y) G {cl{Z), c^(y)} then c(y*) G K(y*), cl{Y*)}. 
[Why? By not case 1.] 
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Subcase 3 a : For some Z we have 
J Z G ^ and : 

1 \Y*\Z\ >4 or just |y*\Z\{a^ a^}| > 2 and \Y*\Z\ > 3 

Let 6i, 62, ^3 £ Y*\Z be pairwise distinct. As £ is symmetric there are di,d2,ds G C 
such that diiY*) = bi for £ = 1 , 2 , 3 . The number of possible truth values of 
dii^Z) G T* is 2 so without loss of generality (ii(Z’) G T* d2{Z) G Y* and we can 
forget 63, ds. 

So for some tt G Per(X) we have ti{Y*) = Y*^ti{Z) = Z^ti \ {Y*\Z) = identity 
hence Tiipi) = hi for £ = 1 , 2 and Ti{di{Z)) = d2{Z), note that di{Z) G Z, so this is 
possible; so without loss of generality (ii(Z’) = d2{Z). 

As |y*\Z’\{a2, a^}! > 2 , using another tt G Per(X) without loss of generality 
{61, 62} n {a*, a^} = 0 . So di, d2 gives a contradiction by case 2. 

Remark. This is enough for non polynomial |C| as |{y : \Y\Z*\ < 3 }| < |T|®. 

Case 3 b : Not case 3 a. 

So Z G ^\{Y*} => \Z\Y*\ < 3 hence (recalling \Z\Y*\ = |T*\Z|) we have 
Z G ^\{Y*} ^ |Z n y*| > ii: - 3 > 1 . 

Now 

KIq for Z G £Y’\{Y*} there is c* G Cf such that c*{Y*) ^ c*(Z) 

[Why? Otherwise “by Cf is symmetric” for any Z G £^\{Y*} we have: 


(S ce €AY',Y" e A IWnW'l = \zr\Y*\ ^c(Y') = c(y") 

Dehne a graph 0 = &z- the set of nodes (^) 

the set of edge {{Y', Y") : \Y' r]Y"\ = |y* n Z\} 

now this graph is connected: if J^i, YZ2 are nonempty disjoint set of nodes with 
union (^), then there is a cross edge by 3.5 below (why? clause (a) there is im¬ 
possible by (*)i and clause (/?) is impossible by the hrst line of case 3 ). This gives 
contradiction to (§). So KIq holds.] 


We claim: 
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Kli for Z G ^ and d G £ we have 

d{Y*) e znY* ^ d{Z) = d{Y*). 

[Why? Assume d, Z forms a counterexample; as \Y*\Z\ < 3 and k >7 (see 
3.1(e)) so if /c > 8 then \ Y*r\Z\ >/c —3>5so Y*r\Z\{al, a^} has > 3 mem¬ 
bers looking again at subcase 3 this always holds. Now for some 7 ri, 7 r 2 G 
Per(A:) we have tii{Y*) = Y* = 7r2(F*), 7ri(Z) = Z = Ti 2 {Z),Tii{d{Z)) = 
'K 2 {d{Z)),Tii{d(Y*)) 7 ^ Ti 2 {d{Y*)) are from Z fl y*\{a^,a 2 }; recall we are 
assuming that d{Y*) G ZCiY* and d{Z) ^ d{Y*). Let di, d 2 be gotten from 
d by conjugating by tti, 7r2, so we get Case 2, contradiction.] 

KI 2 if d G C, y G (^) and d{Y) = a then 

(VW)(«e Wg © ^d(y') =«)• 

[Why? By Kli -1- closed under permutations of W”, we get: if k* G 
{\Z ny*| : Z G 7 P\{Y*}} (which is not empty) then: if Zi, Z2 G (^), \Zi fl 
■^2! = k*jd G €. and d(Z’i) G Z2 then d(Z’i) = d(Z’2). Clearly k* < k 

(by Z 7^ y*) and Zk — k* < |W|. First assume that we can choose such 

k* > 0 . Now for any d E (t and a E X, claim 3.5 below applied to k* — 

1 ,/c — 1 , W\{a}, ({y\{a} : a E Y and d(y) = a}, {y\{a} : a E Y and 

d(y) 7^ a}). We can demand a E Rang(d). Now clause (a) there gives the 
desired conclusion (for Y, a as in KI2). As we know k — k* < 3 , k > 7 clause 
(/ 3 ) is imposible too so we are done.] 

Now we get a contradiction: as said above in Hq for some c* E € and Z E 7Z*\{Y*} 
we have c*(y*) ^ c*(Z), choose Y E (^) such that {c*(y*), c*(Z)} C y. So by ^2 
we have d(y) = d{Y*) and also d(y) = d{Z), contradiction. Da.i 


3.3 Claim. In 3.1 we can replace (a) by 

(a)*(t) ^ a clone on X, 

(n) g* E .^[3] where (note g* = g3-i,2) 


g*{xi,X2,X3) 


X2 X2 ~ X3 
xi otherwise 


or just 

{ii)~ for d* E '^X with no repetitions for some g = gu.*, g{d*) = and if d E ^X 
is with repetitions then ga*id) = g*{d). 


Proof. Let cj G (£, y* G (^),ai = c]'(y*),a2 G y*\{a*}, we choose C2 as in the 
proof of 3 . 1 . 

Let = {y : y G (^),R 7^ Y*,cl{Y) 7^ C2(y)}; we assume 7^ 0 and shall 
get a contradiction, (this suffices). 
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(*)i there are no Z G and d G C snch that 

d{Y*) ^c*{Y*) 

d(z)^4(z). 

[Why? If so. let c = g(cl,C 2 ,d),g is g' or just any 9<c;(Z),o;(Z),<l(Z)> (from 
(a)*(m) of the assnmption. 

So c G and 

(A) c(y*) = f 7 (ci(y*),c^(y*),d(y*)) = ( 7 (ct(F),c^(y*),c^(y*)) 

(B) c(Z) = g(cUZ), cUZ), d(Z)) = c^Z) as d(Z) ^ c^(Z) 

(two cases: if {d{{Z)^ d^^Z)^ d{Z)) with no repetitions - by the choice of (7, 
otherwise it is eqnal to g*{c\{Z), c^iZ), d{Z)) 

(C) Y e (l),Y ^Y-.Z^iP^ c 5 (y) = cl{Y) ^ c{Y) = g{c]{Y), 4 {Y),d{Y)) 
9-(c;(y).c;(y).<i(y)) = ci(y), 

So (*)i holds by c^-s choice.] 

(*)2 ifTTG Per(X);7r(y*) = y*,7r(c^(y*)) = c^(y*) then 
(a) Y d ^ k ti(Y) = Y ^ 7r(c^(y)) - 4{Y) 

{/ 3 ) yG^^c^(7r(y))=7r(c^(y)). 

[Why? Otherwise may “conjngate” C2 by 7r“^ getting d G Cf which 
gives a contradiction to (*)i.] 

(*)3 let Z G then there are no di, d2 E ^ snch that 
diiz) = d2iz) 4iz) 
di{Y*)^d 2 {Y*). 

[Why? Let g = g<c*(Y*),di(Y*),d2(Y*)> be as in the proof of (*)i. If the 
conclnsion fails we let c = g{c2, di, d2) so 

c{Y*) = g{ 4 {Y*),di{Y*),d 2 iY*)) = cl{Y*) as di(y*) ^ d2{Y*)Y choice of 
g and c{Z) = g{cl{Z),di{Z),d2{Z)) = di{Z) ^ c^(Z) as di(Z) = d2{Z) ^ 
C* 2 {Z). 

So c contradicts (*)i.] 

(*)4 for Z G there are no di,d2 G C snch that di{Z) = d2(.Z’), di(y*) 7^ 
d2(l^*) except possibly when {d\{Z)} = {c^iZ)} G {Z fl F*, Z\Y*}. 

[Why? If d\{Z) 7^ C2{Z) nse (*)3, if di{Z) = d^{Z) and there is tt G Per(W) 
satisfying 7r(y*) = Y*^tx{Z) = Z^tt{c2{Z)) 7^ ^^{Z) we nse it to get the 
sitnation in (*)3.] 
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Let 


K = {(m) : for some Z G we have \Z fl y*| = m} 

we are assuming iL 7 ^ 0. By (*) 4 + symmetry we know 

(*)5 if (m) G iL, 1 7 ^ m < /c — 1, Cl, C 2 G C and Zi, Z^ G (^) satisfying ci(Z’i) = 
C2{Zi) and \Zi fl Z 2 I = m, then ci(Z 2 ) = 02 (^ 2 )- 

Case 1 : There is (m) G K such that 1 7 ^ m < /c — 1, let U {T*}. 

For any Ci,C 2 G C let ^ci,c 2 = e (^) : Ci(y) = C 2 (T)}. 

By (*)5 we have [Ti, ^2 e (^) A ^ C ^ 2 ! = m ^ [Ti G = >2 e ,^ci,c 2 ]]. 

Let Yi G (^),ci G C, let a = ci(Yi) let I2 ^ (^) be such that {a, 6} = yi\l2 
for some b ^ a. By conjugation there is C2 G C such that C2(Ti) = a = ci(Yi) & 
ci(T 2) 7^ 02(12). To ^ci,c2 apply 3.5 below; so necessarily |X| = 2k, m = 0 . But 
as m = 0 , (m) G K there is T G |T fl T*] = m = 0 hence Y = X\Y*, and by 
(*)2(a) we get a contradiction, i.e. we can hnd a tt contradicting it. 

Case 2 : (m) & K,m = k — 1 and not Case 1. 

Let Z G IZ n y*| = /c — 1 so by (*)4 and (t being symmetric 

(*)6 if Zi, Z 2 G (^), \Z\ n Z 2 \ = k — 1, di, d 2 G €, di{Zi) = d 2 {Zi), ^ 1 (^ 2 ) 7 ^ 
^ 2 (^ 2 ) then {di{Zi)} = Zi\Z 2 . 

Also 

(*)7 if Zi, Z 2 G (^), \Zi n Z 2 \ = k — 1 then for no d G C do we have d{Zi) 7 ^ 
d{Z2) & {d(^i), d(^ 2 )} YZiD Z 2 . 

[Why? Applying tt G Per(W) we get a contradiction to (*)6-] 

This case (2) is hnished by the following claim (and then we shall continue). 


3.4 Claim. Assume (a)*(i) of 3.3 and (b),(c) of 3.1 and (*)7 above (on (t). Then 
is full. 

Proof. Now 

(*)§ for every Z\, Z 2 G (^), \Zi fl Z2I = k — 1 and a G Zi fl Z2 there is no d G C 
such that d(Z’i) = d(Z’2) = a. 

Why? Otherwise we can hnd Zi, Z 2 such that \Zi fl ^2! = k — 1, d{Zi) = d{Z 2 ) = a 
hence for every Zi, Z 2 G (^) such that [Zi fl ^21 = k — 1 and a E Zi H Z 2 there is 
such a d (using tt G Per(W)). 
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Let ^1, ^2 £ (^) such that \Zi 0^2! = k — 1 . Let x ^ y & Zif} ^2. Choose hi G C 
such that di{Zi) = ^1(^2) = x. 

Choose d2 E (t such that d2{Zi) = d2{Z2) = y. 

Choose ha G (T such that ^3(^1) = y, ^3(^2) G Z2\Zi. 

Why is it possible to choose ha ? (Using tt G Per(X)), otherwise (using (*)7) we 
have 

(g) ifYi,U2e {l),\Y^r\Y2\ = k-i 

h G C, h(yi) G Ui n ^2 then h(y2) eYir]Y2 

hence by (*)7,h(l2) = h(Yi) 

so for h G C we have (by a chain of U’s) 

n, U2 G Y h(yi) G Ui n ^2 ^ h(y2) = h(yi). 


Let c G C, Yi G {^'),xi = c(Yi). Let X2 G X\Yi,l2 = Ul U {a;2}\{Ti}, so if 
c(l2) G Yi n I2 we get a contradiction, so h(l2) = X2- 

Let xa G Ui n ^2, U3 = Ui U U2 \{t3} so Ua e (^), jUa C Uil = - 1 - jUa C ^2! and 

clearly c(Yi),c(l2) e I3. 

If 0(13) ^ Yi then Y3 ,Yi contradict (g. If 0(13) ^ I2 then Y^,Y2 contradict g. 
But 0(13) G la C Yi U I2 contradiction. So ha exists. 

We shall use hi, h2, ha, Zi, Z2 to get a contradiction (thus proving (*) 8 )- 
Let {z} = Z2\Zi so (x^y^z) is with no repetitions. 

Let h = 5f(hi, h2, ha) so with g = g* or g = g<x,y,z> 


d{Zi) =g{di{Zi),d2{Zi),ds{Zi)) = g{x,y,y) = y 
(see Dehnition of ^r) 


d{Z 2 ) =g{di{Z 2 ),d 2 {Z 2 ),ds{Z 2 )) 

= gix^y^z) = X 

by Dehnition of g a,s y ^ z because y E Zi, z ^ Zi. 

So Zi, Z2, d contradicts (*)7. 

So we have proved (*)8- 


(*)9 if iZ^iPlZ^i I — k— 1 , Zi, Z2 G (^), h G Ci, d{Zi) G Zir\Z2, then d{Z2) G Z2\Zi. 
[Why? By (*)7,h(Z2) ^ Z^ f] Z2\{d{Zi)} and by (*)8,h(Z2) ^ {h(Zi)}.] 
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Now we shall finish proving the claim 3 . 4 . 

Let c E €. 

Now let xi,X2 G X be distinct and Y C X\{a:i, X2}, |d^| = k. Let 2:3 = c(Y), X4 E 
y\{2:3} and 2:5 G y\{2:3,2:4}. 

So Yi = yu{2:i}\{2:4} belong to (^) satisfies lYifiyl = k —1 and c(Y) — X3 E Yifiy 
hence by (*)9, we have c(Yi) = 2;i. 

Let Y2 = Y U {2:2}\{2:4} so similarly c(l2) = X2- 

Let Y3 = y U {2:i,2:2}\{2:4,iC5}, so Y3 G (^) and = {X2} and Y3\^2 = 

If c{Ys) E y, then 

c{Ys) G y3 n y = y\{2:4,2:5} c y^ hence c(y3) G ys n yi 


recall 


c(yi) - xi G y3 n yi 

and c(y3) 2:1 as 2;i ^ y so (y3,yi,c) contradicts (*)7. 

If c(y3) = 2:1, then c, y3, yi contradicts (*)8. 

If c(y3) = 2:2, then c, y3, y2 contradicts (*)§. 

Together contradiction, so we have finished proving 3.4 hence Case 2 in the proof 
of 3 . 1 . □3.4 

Continnation of the proof of 3 . 1 : 

Case 3 : Neither case 2 nor case 3 . 

As 7^ 0 (otherwise we are done) clearly K = {(!)}. So easily (clearly 2 k —1 < 
|A| as ( 1 ) G K) and 

if |yi n y2 1 = l, n G (^), Y2 E (^) and d G C then d(yi) G ^ C y2 V d(y2) G 

yiny2. 

[Why? Otherwise by conjngation we can get a contradiction to (*)4 above.] 
^2 W, y2 G (^), iw n y2| = /c - 1, d G e:, d(yi), d(y2) g w n y2 is impossible. 
[Why? Let x E yi\y2 and y E y2\yi, we can find ys G (^) snch that 
^3 n (yi U y2) = {2:, y} so ys n yi = {2:}, y3 n y2 = {y}; this is possible as 
|A| > 2 k — 1 . Apply Kli to Y3, yi, d and as d(yi) 7^ x (as d(2:i) G Yz) we 
have c(y3) = x. 

Apply Kli to y3, y2, d and as d(y2) 7^ y (as d(y) G yi) we get d(y3) = y. 
Bnt X y, contradiction.] 

By KI2 we can nse the proof of case 2 from (*)7, i.e. Claim 3.4 to get contradiction. 
Da.3 
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3.5 Claim. A ssume 

(а) k* <k< IXI < Ko, 

( б ) C (f) 

(c) zfZ,Ye {l),\ZAY\ = k* thenZ e ^^Y e 

(d) 2k — k* < |X| (this is equivalent to clause (c) being non empty). 

Then 

(a) YZ = ^\l YZ = or 

(/ 3 ) \X\= 2 k,k* = 0 and so E = Ex,k =: {(^1,12) : H e ©,^2 e ©,(11 U 
Y2 = X)} is an equivalence relation on X, with each equivalence class is a 
doubleton and is a union of a set of E-equivalence classes. 


Proof. If not clause (a), then for some Zi e Y^, Z 2 & {^)\^ have \Z 1 \Z 2 \ = 1 . 
Let Zi\Z2 = {a*}, Z2\Zi = {b*}. 

Case 1 : 2k — k* < |X|. 

We can hnd a set Y~^ C X\{Zi U Zi) with k — k* members (use \Zi U Z2I = 
k + 1, \X\{Zi UZ2)\ = |W| -{k + l)>{2k-k*Yl)-{kYl) = k- k*). 

Let Y~ Y ZiY Z 2 be such that |y“| = k*. 

Let Z = y- uy+ so Z G ©, \ZYZi\ = |y-| = k\\ZYZ 2 \ = |y“| = k* hence 
ZiEY^^Z&Y^^Z2E ^ contradiction. 

Case 2 : 2k — k* = |W| and k* > 0 . 

Let y+ = X\{Zi U Z2) so 

|y+| = {2k -k*)-\k + i\ = k-k* - 1 . 

Let Y~ Y ZiY Z 2 be such that |y“| = k* — 1 (O.K. as \Z\ fl ^ 2 ! = k — 1> k*). 
Let Z = y+ U y- U {a*, 6*}. So jZj = (k - k* - 1) + (k* - 1) + 2 = k, jZi n Zj = 
\Y~ U {a*}| = k*, \Z 2 n y| = \Y~ U {6*}| = k* and as in case 1 we are done. Ds.s 

3.6 Claim. If r{iX) < 00 then 3.1 or 3.3 apply so €. is full. 

Remark. Recall r{lX) = Inf{r : some / G is not a monarchy}, see Dehnition 
2 . 4 . 


Proof. 
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Case 1 : r(^) > 4. 

Let / G ^[r] exemplify it, so by 2.5 for some £{*): 

a G with repetitions ^ /(a) = a^(*). 

As / is not a monarchy for some k{*) G {1,... ,r} and d* G ’’X, /(a*) = 7^ 

Withont loss of generality £{*) = 1, k{*) = 2 and 3.1 apply. 

Case 2 : r(^) = 3. 

Let / G exemplify it. Now apply 3.1; if (a) there holds, apply 3.1, if (6) or 
(c) there holds, apply 3.3. 

Case 3 : r(^) = 2. 

By 4.7 below, danse (a) of 3.1 holds so we are done. Ds.e 
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§4 The case r = 2 

This is revisted in §6 (non simple case), and we can make presentation simpler 
(e.g. 6.4). 

4-1 Hypothesis. 

(a) r(^) = 2 

(b) |X| > 5 (have not looked at 4). 


4.2 Claim. Choose a* = (a*, a^), al ^ E X. 

4.3 Claim. For some f E tX and b E we have 

(а) /(a*) = 

( б ) d*''b is with no repetition 

(c) fib) =bi^b2. 


Proof. There is f E tX not monarchial so for some b,c E ‘^X 


fib) =bi^ 62 , /(c) =C 2 ^ Cl. 


If Rang( 6 ) fl Rang(c) = 0 we can conjngate c to a*, / to f which is as 
If not, hnd d E ‘^X,di 7^ d 2 satisfying Rang((i) fl (Rang(a) U Rang( 6 )) 
or d, c are like c, 6 or 6 , c respectively. 



4.4 Claim. There is f* E ^[ 2 ] such that 

(а) f*id*) = d^ 

(б) bi b2 E X, {61, 62 } ^ {«!, ^ 2 } ^ fibl: ^ 2 ) = ^2 

(c) 61 7 ^ 62 , {^ 1 ,^ 2 } ^ ^ fibi,b2) = 61 . 


Proof. Choose / snch that 
(a) / G ^[ 2 ] 

ib) fid*) = 02 

(c) n(/) = |{6 G ^X : f(h) = 6 i}| is maximal nnder (a) + ( 6 ). 


T-i • 
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Let = {b E ‘^X : f{h) = 6i}. In each case we can assnme that the previons cases 
do not hold for any / satisfying (a), (b), (c). 


Case 1 : There is 6 G ^(X\{a 5 ‘, a^}) snch that f{h) = 62 7^ b\. 

There is g E = a2,g(b) = bi (by 4.3 + conjngation). Let f~^{x,y) = 

f{x,g{x,y)). 

So 


(A) f+{a*) = f{al, g{a*)) = /(a^, a^) = 

(B) /+(6 )=/(6 i,<7 (6)) = /(6 i,6 i)=6 i 

(C) if c E ^ then /(c) = Ci. 

[Why does (C) hold? If g{c) = a then /+(c) = f{ci,g{c)) = /(ci,ci) == a. 

If g(c) = C2 then /+(c) = f{ci,g{c)) = f (01,02) = /(c) = ci (last eqnality as 
c E ^)-] 

By the choice of / the existence of /+ is impossible so 

(*) b E ^(W\{a);, a^}) ^ f(b) = bi ^ b E ^ (if bi = b2 - trivial). 

Case 2 : There are bi 7^ 62 snch that {61,62} ^ {a{, a^},/(61, 62) = 62 and 61 7^ 
a{ A 62 7^ a2. 

There is g E ^[2] snch that g(al, a^) = a^, g(bi, 62) = 61. 

[Why? There is tt G Per(W), 7r(6i) = a{,7r(62) = a^, 7 r“^({ 6 i, 62}) is disjoint to 
{a{, a^}. Conjngate / by 7r“\ getting g so g(al, a^) = g(nbi, 7 ib 2 ) = 7r(/(6i, 62)) = 
7r(62) = a^; let ci, C2 be snch that 7r(ci) = 61,7r(c2) = 62 so 

fi'(6i, 62) = fi'( 7 rci, 7rc2) = 7 r(/(ci, C2)) = 7 r(ci) = 61 

(third eqnality as ci, C2 ^ (a^, a^} by not Case 1 ). So there is snch g E ^\ 

Let f~^(x,y) = f(x,g(x,y)), as before /+ contradicts the choice of /. 

Case 3 : For some 6' 7^ 6" G W\{a{, a^} we have /(a{, 6') = b' A /(a{, 6") = a{. 

As in Case 2 , nsing tt G Per(W) snch that 7r(a{) = a{, 7r(a2) = a^, 7r(6') = b". 

Case 4 : For some 6' 7^ b" E W\{a{, a^} we have f(b', a^) = 0^2 A f(b", a^) = b". 

As in Case 3 ; recall that withont loss of generality Case 1,2, 3,4 fails. 

Case 5 : For some 6', b" E W\{a{, a^} we have /(a{, 6') = 6' A /(6", a^) = a^. 

As Cases 1,2, 3,4 fail, withont loss of generality 6' 7^ b" and prove as in Case 2 
conjngating by tt G Per(W) snch that 7r(6') = a^, 7r(a{) = a{ and 7r(6") = b" getting 
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g which satishes and g{b\a\) = 7r(/(6",6')) = 7r(6") = b' whereas 

/(6',a2) = so f~^{x,y) = f{x,g{x,y)) contradicts the choice of /. 

Withont loss of generality, Cases 1-5 fail. 

Case 6 : For some b G X\{ai, a^} we have /(a*, b) = b. 

So as Cases 1-5 fail we have 

® V6i, 62 £ X[f{bi, 62) ^bi ^ (61 = al & 62 7 ^ «i)] 

(except in the case /(a2,a^) = bnt then let tt G Per(X),7r(a^) = a2,7r(a2) = al 
(and 7r(a) = a for a G X\{a^, a^}), then g = satishes g{al, a^) = a^ bnt for 

b G X\{al, a^}, g{al,b) = a^, easy contradiction (or as below)). 

Hence for every c E X there is fc G ^[2] snch that 

®/e V6162 G X[fc{bi,b2) ^bi ^ {bi & 62 7^ c)]. 

Let a 7^ c be from X and dehne fa,c e ^[2] by fa,c{x, y) = fa{x, fdy, x)). 

Assnme bi d h so = b2 d h implies fcib2,bi) ^ ^>2},/a,c(^>i, ^>2) = 

fa{bi, fc{b 2 ,bi)) and so (by the choice of /„) 61 = a & fc{b 2 ,bi) = h which (by 
the choice of fc) implies 61 = a & 62 7^ c. Bnt 61 = a & ^>2 7^ c & bi d ^2 
implies fcib 2 ,bl) = ^>2,/a,c(^>l, ^>2) = /a(^>l,^>2) = b2. So fa,cibld2) = 62 7^ 61 
61 = a & 62 7^ c & 62 7^ 61. 

Let a = aj(. Let {ci : i < i* — |X| — 2) list X\{a^,a2}. We dehne by indnction on 
i < i*, a fnnction fi G ^[2] by 


fo{x,y) = y 

fi+i{x,y) = fi{x, fa,ci{x,y)) 

and let /' = fi*. Now by indnction on i we can show fi{al, a^) = and f'{bi, 62) = 
62 ^ 61 ^ (Vi < nifa,cdKb 2 ) =b 2 d bi). 

So /' G <^[2], f'{al,al) = al and bi 7^ 62 A (61,62) 7^ (^17^2)5(^25®!) implies 
f'ibi,b2) = 61. By the choice of / (minimal n(/)) we get a contradiction. 

Case 7 : For some 6 G W\{a)‘, a^} we have /(6, a^) = a^. 

Similar to Case 6. 

That is, as there, withont loss of generality for every a G W for some /„ G ^[2] 
we have 


® (V61, 62 G W)[(/(6i, 62) — 62 7^ 61 62 — a 7^ 61)]. 
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Let a 7^ c e X let faA^^ v) = fcifaiv, x),y). 

So for bi ^ b2 & X 

(i) /a,c(^>i, h) = hA bi) implies /a(/c(^>2, h), h) = h which implies 62 = c & 
/c(^2, ^1) = ^2 which implies 62 = c & bi ^ a. 

We continue as there. 

Case 8 : Not Cases 1 - 7 ; not the conclusion. 

So for a = (ai, a2) = ai 7^ a2 there is /„ G ^ such that 

{61, 62} ^ {ai, a2} ^ fa{bi, h) = bi 


/a(ai, a2) — a2 


and (as “not the conclusion”) 


fa{ci 2 j til) — (l2 


Let {¥ : i < i* — \X\'^ — |W| — 2 ) list the pairs b = (61,62) ^ ^X such that 
bi 7^ 62, {61, 62} 7^ {til, ^2}- 
Dehne gi G ^[2] by induction on i. 

Let go{x,y) = x. 

Let gi+i{x,y) = Ai{gi{x,y),y). 

We can prove by induction on t < t* that: gi{al,a2) — a{, (/^(a^, a{) = j < ^ 

giiV) = 62- So gi* is as required interchanging 1 and 2 that is g{x,y) gi*{y,x) 
is as required. ^4.4 

4.5 Definition/Choice. For 6 7^ c G W let fb,c be like / in 4.4 with (6, c) instead 
of (a{, A), so fc,bA b) is 6 and /(6, c) = c and f{xi,2 ) = tci if {xi,X2} ^ (6, c}. 


4.6 Claim. Let ai,a2,as E X be pairwise distinct. 
Then for some g G ^[ 3 ].' 

(i) 6 G ^X with repetitions g(b) = bi, 

(ii) g{ai, 02, as) = 02- 


Proof. Without loss of generality we replace a2 by as in (ii). 
Let hi for £ = 1 , 2 , 3,4 be the three place functions 
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hl{x) = fai,a 2 {xi,X 2 ) 
h 2 {x) = fai,a 3 {xi,X 3 ) 

hsix) = fa 2 ,a 3 ihl{x), /l2, (t)) 
h^ix) = fai,a3{x, hsix)). 

Clearly /ii, /i2, /13, /14 € '^[3]- We shall show is as required. 

To prove clause (ii) note that for d = (ai,a2,a3) we have hi (a) = a2,h2(a) = 
as, hsid) = fa2,a3{o,2, as) = as and h4(a) = /ai,a3(ai, as) = as as agreed above. To 
prove clause (i). 

Let b G be without repetitions such that 6 7^ a. 

Case 1 : bi 7^ ai, as so 

h 4 (b) ^ fai,a3ibi,hs(b)) = bi as 61 7^ ai,a3. 

Case 2 : 61 = ai, 62 7^ (I2 hence bi 7^ a2, as, so 

hi(b) = fai,a2{h,b2) = bi (if 62 = ai also O.K) 

hs(b) = fa2,a3ihi(b):h2(b)) = fa2,a3ih:h2(b)) = bi as 61 7^ a2,as 

h 4 (b) = fa^^a 3 ih:hs(b)) = ,^3(6i, 6i) = 61. 

Case 3 : bi = ai, 62 = a2, 63 7^ as, so 

hi ( 6 ) = fai,a2ih, b2) = 62 

h2ib) = /ai,a3(^i,^3) = /ai .ag (ai, 63) = Ui = 61 as 63 ^ Us (if 63 = ai hue) 
hsib) = fa2,a3ihi(b), h2(b)) = ha 2 ,a 3 {^ 2 , ^>i) = ^>2 as 61 = ai 7^ a2, as- 
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h 4 ib) = fa^^asibi.hsib)) = /ai,a3(^i,^2) = ^>1 as 63 = a2 7^ ai,a3. 


Case 4 : bi = as, 63 7^ ai. 
So 


= fai,a2ibi,b2) = bi as 61 = as 7^ ai,a2 


h2ib) = fai,a 3 ibi,b 3 ) = /aj.ag(^s, ^s) = as = 6i as 63 7^ ai 
/iaW = fa2,a3{hl(b),h2(b)) = /a2,a3 (^>1, ^>l) = 

/i 4 (&) = fa 3 ,a 3 ibl, fsib) = fai,a 3 ibl,bl) = bl- 


Case 5 : bi = as, 63 = ai. 


= fai,a2{bi, 62) = 61 as 61 = as 7^ ai, a2 


/i2(^) = fai,a3{bi, 63) = 63 as {61, 63} = {ai, as} 
hsib) = fa2,a3{hi(b),h2(b)) = /aa.ag(^>i, ^3) = ^>1 as 63 = ai 7^ a2,a3 
h^ib) = fai,a3iblj3(b)) ^ far,a3ibl,bi) = 61 . 


as required. 


04.6 


4.7 Claim. Let a* = (a}, a^, a^, a^) G '^X be with no repetitions. Then for some 
g G ^[4] we have 

{i) ifb& is with repetitions then f{b) = bi 
(n) g{a*) = a^. 



ON THE ARROW PROPERTY SH782 


33 


Proof. For any a G with no repetitions let fa be as in 4.6 for the seqnence a. 
Let ns dehne with {x = {xi,X2,xs,X4)), g{x) = go{xi, g2{xi, X2, X4), gs{xi, X3, X4)) 
with go /(ai ,a2,03) 7 172 /(ai ,02,04) 7 173 /(ai,a3,a4)- So 




(A) g{a*) = go{al,g2{al,a2,al),g3{al,al,al)) = goial^a^^al) = 

(B) if 6 G '^X and (61, 62, 64) is with repetition then i72(^>i, ^>2, b^j = 61, hence 
gib) = goibi: bi, 5f3(6i, 63, 64)) = bi 

(C) if 6 G and (61, 63, 64) is with repetition then 173(ai, as, a4) = 61, hence 
gib) = goibi, g2ibi, 62, ^>4), ^>i) = bi 

iD) b G is with repetitions, bnt neither (B) nor (C) then necessarily 62 = ^3 
so (61, 62, ^3) is with repetitions, so 
= goibi:b2,b3) = bi. 

□? 

scite{ 4 . 7 } nndehned 
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Part B: Non simple case 
§5 Fullness for the non simple case 

5.1 Context. As in § 1 : is a {X, /c)-FDF tX = : r < cx)} and iX = {f : f E 

AV(c:)}, so 




r] = {/ •/ is (not necessarily simple) fnnction written 

/y (xi,..., Xr)^ for y G ^ ^ ^ , Xi,..., G y snch that 

frixi,... ,Xr) G {xi,...,Xr} and 
C is closed nnder /, i.e. if ci,..., G C 
and c is defined by c = /(ci,..., c^) 
i.e. c(y) = /y(ci(y),..., Cr{Y)) then c G 


and we add (otherwise nse Part A; alternatively combine the proofs). 


5.2 Hypothesis. If / G ^ is simple then it is a monarchy. 

5.3 Definition. 1 ) ^[Y] = {fy ■ f G iX}. 

2 ) ^p](y) = {fy.fe ^p]}. 

5.4 Observation. If / G ^[r], Y G (^), then fy is an r-place fnnction from y to y 
and 

(*) tX[Y] is a clone on Y. 


5.5 Definition. 1) r{tX) = Min{r : r > 2, some / G ^[r] is not a monarchy} 
where 

2) / is a monarchy if for some t we have VyVxi, .. .,Xr G y[/y(a:i, ..., Xr) — Xt]. 

5.6 Claim. 1 ) For proving that C is full it is enough to prove, for some r G 
{3,...,/c} 

(*) for every Y G (^) and d G '^Y which is one to one there is f E iX such that 
(*) frid) = 02 

(n) z/y G ©,y^y,6G"y then fz{h)= by 
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2 ) If r > A we can weaken fz{b) = hi in clause (ii) to [63 = 64 V 61 = 62 V 61 = 
^>3 V 62 = 63] —^ fvib) = bi [not used]. 


Proof. The proof is as in the proof of ? below only we choose C3, C4,..., C5 snch 
scite{ 5 . 8 } nndehned 

that d = {ci(Y) : £ = 1, 2,..., r) is withont repetitions and f = fd from (*). 
scite{ 5 . 6 } nndehned 


5.7 Claim. In 5.6 we can replace (*) by: r = 3 and 

(*) ifY E (^) and d G one-to-one (or just 02 7^ as), then for some g G 
(i) grid) = ai 

{ii) if Z & ^ Y,h E ^Z is not one-to-one then gz(b) = b if b2 = 

63,61 if otherwise (i.e. gs-i,2(b))- 

Proof. Like 3 . 3 . Let Ci G C, T* G (^),ai = C2(T*),a2 G y*\{ai} we choose C2 as 
in the proof of 5 . 6 , i.e. 3 . 1 . 

Let tZ* = [Y : Y e {^),Y 7^ Y*,cl{Y) 7^ C2(T)}. As there it snfhces to prove 
that ^ = 0 . Now 

Kl there are no Z G and d G C snch that 

d{Y*) 

d{Z)^cl{Z). 

[Why? If so, let c = g*{c\,C2, d) where g is from (*) for Z, ai = Ci(Z'), a2 = 
cl{Z),as = d{Z).] 

Continne as there: the gd depends also on Y, and we write c{Y) = fyicifY ),..., Cr{Y)). 

□5.7 
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5.8 Claim. Assume r{^) = 2, (C, ^ as usual) and 

(*) for every ai ^ a 2 eY E (^) for some f = f^^^ E ^ we have 
(i) frid) = 02 

(n) z eQ.z^Y.be^z^ fz(b) = h. 

Then <t is full. 

Remark. C is full iff every choice function of belongs to it. 

Proof. If (t is not full, as C 7^ 0 there are ci G C, cq ^ cq a choice function for 
Choose such a pair (ci,Co) with |^| minimal where ^ — {F G (^) : Ci{Y) 7^ 
Co(l^)}. So clearly ^ is a singleton, say { 1 ^}. By symmetry for some C2 G C we 
have C2iY) = co(F). Let / be f^^(^Y),coiY) = /J(y),c2(v) assumption so 

/ G ^ and let c = /(ci, C2) so clearly c E € (as £ is closed under every member of 

Now 

(A) c(y) = /y(ci(y), C2(y)) - C2(y) = co(y) 

(B) ifZG (f)\{y} then 

c{Z) = fzicliZ), C2{Z)) = ci{Z) = co{Y). 

So c = Co hence cq G C, contradiction. Ds § 

5.9 Claim. Assume r(^) = 2 and M{f*) of 6.9 (see Definitions ?, 6 . 6 ) below 
^ scite{ 6 . 3 } undefined 

holds. Then C is full. 

Proof. We use conventions from 6.6, 6 . 7 , 6.9 below. In Kl(/*) there are two possi¬ 
bilities. 

Possibility (i) : 

This holds by 5 . 8 . 

Possibility (ii) : 

Similar to the proof of 5 . 8 . Again tY* = {T} where = {Y E (^) : Ci(y) 7^ 
co(T)}. We choose C2 G C such that C2(Y) = co(T) & C2(W\y) = co(T), 

continue as before. Why is this possible? Let tt G Per(W) be such that 7r(y) = 
y,7r(ci(y)) = co(T),7r(ci(A:\y)) = ci(A:\y) (and of course 7r(A:\y) = A:\y). 
Now conjugating ci by tt gives C2 as required. Ds o 
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5.10 Claim. If r{^) < oo then C is full. 


Proof. Let r = r(^). 

Case 1 : r = 2. 

So hypothesis 6.1 below holds. 

If Kl(/) of 6.9 holds for some / G by 5.9 we know that C is full. If Kl(/) of 
6.9 fails for every / G ^[r] then hypothesis 6.11 holds hence 6 . 12 - 6.18 holds. So by 
6.18 we know that (*) of 5.6 holds (and 01 ^± is a singleton). So by 5 . 6 , is full. 

Case 2 : r > 4 . 

So hypothesis 7.1 holds. By 7.5 clearly (*) of 5.6 holds hence by 5.6 we know 
that is full. 

Case 3 : r = 3 . 

Let f* G ^[3] be not a monarchy. So for b G not one-to-one, Y G (^), clearly 
/y(6) does not depend on Y, so we write f~(b). If for some £{*),f~(b) = 
for every such b then easily 5.6 apply. If f~(b) = gr-i,2{b), let a G ^Y,Y G (^),h 
is one-to-one, so fvib) = for some k] by permuting the variables, f~ does not 
change while we have /c = 1 , so 5.7 apply. If both fail, then by repeating the proof 
of 2.8 of Part A, for some f' G ^[3], for b not one-to-one we have /(i,2,i)(^) or for b 
not one to one /y(6) — f {1,2,2) {b). By the last paragraph of the proof of ? we can 
scite{2.8} undehned 

assume the second case holds. In this case repeat the proof of the case rj = ( 1 , 2 , 2 ) 

in the end of the proof of ?. 
scite{2.8} undehned 
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6 The case r(^) = 2 


For this section 
6.1 Hypothesis, r = 2 . 


6.2 Discussion : So (a) or (/ 3 ) holds where 


(a) there are Y G (^) and / G which is not monarchy. Hence by § 4 , 

i.e. 4.4 for a 7^ 6 G T there is / = G ^2[b^] 


frix^y) 


y if {^,2/} = 

X if otherwise 


(/ 3 ) every fy is a monarchy but some / G is not. 


6.3 Definition/Choice. Choose /* G 1^2 such that 

(а) -n{\/Y){\/x,y eY){f{x,y) ^ x) 

(б) under (a), n(/) = |domi(/)| where domi(/) = {(Z, a, 6) : fz{a,b) = a^b 
and Z G (^) and {a, b} C Z of course}, is maximal. 


6.4 Fact. If /i,/2 G ^[2] and / is fix,y) = fi{xj2ix,y)) (formally f(Y,x,y) ^ 
/i(y, x,/2(T, x, y)) but we shall be careless) then domi(/) = domi(/i)U domi(/2). 


Proof. Easy. 


6.5 Claim. If Z E (^), /^(a*, 6*) = b* ^ a then 

(a) (Vx,y E Z)[f*(x,y) = y] or 

(b) x,yEZA {x, y} ^ {a*,b*} ^ f^(x, y) = x. 


^ 6.5 


Proof. As in 4.4 (+ 6.3 + 6 . 4 ), recalling that 1 ^{Z) is a clone. 
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6.6 Definition. Let 

(1) = iJi’iC/*) = {Z e (^) : (Va.6e Z)(/|(o,6) =a} 

( 2 ) = {Z e (^) : (Vo.6e Z)(/J(o,6) = 6} 

(3) = S^±(r) = 


6.7 Claim. For V G (^) we have 

1) Y G ^±{f*) iff Y G (■^) and {3a,b G Y){ff{a,b) = a b) and {3a,b G 
Y){fYiO'^b) = b^a). 

2) If Y G then there are ay by &Y such that /^{ay, by) = by and 

{a, 6} C y A {a, 6} ^ {ay, by} /y (a, b) = a. 


Proof. By 6 . 5 . 


6.8 Claim. 1) ^ 2 , «^±) is a partition of (^). 

2) For Y G the pair {ay, by) is well defined (but maybe {by, ay) can serve as 
well). 


Proof. By 6 . 5 . 

6.9 Claim. //«^ 2 (/*) 7^ 0 then 

^f*{i) — 1 ^ 2 {f*) is a singleton, = ^ or 

{ii) 2k = |X|, ^2 is a {y*, y**} c [D where y* U y** - X and = 0. 


Proof. Assume 1^2 7^ 0, let y* G As /* is not a monarchy 

(*)i ^lU 0. 

By Definition 6.6 and Fact 6.4, /* G t^[r] satisfies 
(*) 2 (*) fy* {a, b) = b for a,b gY* 

{ii) if (7 G .^[r],gy* {a, b) = b for a,b eY* then domi(/*) D domi(( 7 ). 
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Hence 

(*)3 if n e i ^ 2 ,k* = 1^1 n ^21 and Y e (fc), |1" n y*| = k*, then 

Y ^ ^2 (even Y G ^ Y 2 G ^ 1 ). 

[Why? By (*)2 as we can conjngate /* by tt G Per(W) which maps Y* onto 
y* and Yi to Y.] 

So by 3.5 (applied to all k*) 

{*)4{i) <^2 is the singleton {y*} or 

(ii) ^2 is a {y*, y**}, 2k = \x\ and y** = w\y* 

(*)5 if y G <^±, then (a) or (/?) 

(a) {az:bz} = Z (lY*, f^{bz:az) = az 
{/ 3 ) {az,bz} = Z\Y*, fz{bz,az) = ciz- 

[Why? Otherwise as /c > 3 we can choose tt G Per(W), 7r(y*) = y*, 7r(y) = 
Z snch that tt”{ az,bz} ^ {az^bz} and nse 6 . 3 , 6.4 on a conjngate of /*.] 

It is enongh by (*)4 to prove = 0 . 

So assnme toward contradiction 7^ 0 . 

By (*)5 one of the followng two cases occnrs. 

Case 1 : Z* G |y* r\Y*\ = k- 2 . 

As we are allowed to assnme/c+2 < |W| there is Yg (^) snch that |yny*| = k — 1 
and y n y* = y* n y*. Now (by (*)5) we have Y ^ and (by (*)4) we have 
y ^ i 3^2 so y G So there is tt G Per(Y) snch that 7 r(y*) = y, tt \ Z* = 

identity, let / = (f*)^ so by 6.4 we get a contradiction to the choice of /*. 

Case 2 : y* G |y* C y*| = 2 . 

A proof similar to case 1 works if y* U y* 7^ X. So assnme y* U y* = Y (hence 
2 k-2= |Y|). 

Let TT G Per(Y) be the identity on Z* fl y* and interchange Z*,Y*. Apply 6.4 
on /*, {f*y so {az*:bz*) G domi(/*) fl domi((/*)’^), etc. easy contradiction. 

□e.g 

6.10 Remark, if yi(/*) of 6.9 holds for some /* then C (in the context of § 5 ) £ is 
Ml by 5 . 9 . 

6.11 Hypothesis. For no / G ^[r] is Kl(/). 

6.12 Conclusion. 1 ) <^2(/*) = 0 - 

2 ) ^ 0 . 
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3) ^ 0. 

4) If y G and \Y fl Zi\ = |y fl ^ 2 ! and ay G Zi ay G Z 2 and 6y G Zi <->■ 

6y G Z 2 where, of conrse, F, ^ 1,^1 G (^), then Zi G ^ Z 2 E 


Proof. 1) By 6.11 + 6.9. 

2 ) Otherwise f* is a monarchy. 

3 ) Assnme not, so = (^). Let Y G ^Z^±^Z G {^):Z fl {ay,6y} = 0 and^ 
|y n y| > 2 and |y\y| > 2 , we can get a contradiction to n(/*)-s minimality. 

4) By 6.3 and 6.4 as we can hnd tt G Per(X) snch that 7r(y) = y, 71 (^ 1 ) = 

^ 2 , T(ay) = ay, 7r(6y) = 6y. □6.12 

6.13 Claim. IfY,ZE and Y ^ Z, then there is no tx & Per{X) such that: 

7r(y) = y, Tx{Z) = Z 

7r(ay) = ay, 7r(6y) = 6y 

{7r(az),7r(6z)} ^ {az.bz}- 


Proof. By 6.3 + 6.4. 


6.14 Claim. IfYE Z G 2<|yny|</c — 2 then {az, bz} = {ay, by}. 


Proof. By 6.13. 


6.15 Claim. If Zq, Zi G and lyA^ol = 1 then {azo,^>Zo} = 


Proof. We shall choose by indnction i = 0,1,2, 3,4 a set Zi G snch that 
j < i ^ \Zi\Zj\ — i — j, this holds for f = 1, j = 0, also this is snfhcient as by 6.14 
we have f = j + 3<4^ {azi,bzi} = {azj,bzj} as this applies to (j, f) = (0,4) 
and (j, f) = (1,4) we get the desired conclnsion by transitivity of eqnality. 

To choose Zi, let G X\ZqU .. .UZi^y possible as we exclnde k + i — 1 elements 
and choose yi G ZqQ. . .nZi_i\{aZi_.,,bzi_.,}. Now let Zi = Zi_iU{yi}\{xi} easily 
j < i ^ \Zi\Zj\ — i — j and Zi G by 6.12(4) with Y, Z\, Z2 there standing for 
Zi—\, Zi— 2 , Zi here. 

am sure that after checking we can save 
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6.16 Choice : Y* G ^±. 

6.17 Conclusion. 

(а) r* e 

( б ) if y G then ({ay, by} = {ay*, by*} 

(c) one of the following possibilities holds 

(a) = {y*} 

(/3) ^±^{yE(f):{ar.,l>y.}cy} 

( 7 ) = {y*^y**} where y** = (X\y*) U {ay*, } and |X| = 2k-2. 


Proof of 6.17. Note that 

(*) if yi,y 2 ,y 3 g ^±,|yi\y 2 | = 1 and yg g ^±,y 4 g ©JiaVni = 1 and 

(ayg, feyg} = (ayj, 6 yJ C y 4 then y 4 G P± (hence (ay^, 6 yJ = (ayg, feyg} = 

{ayi, 6 yi}. 

[Why? As there is a permntation tt of A snch that 7 r(ayj) = ay 2 , 7 r( 6 yj = 

yi, 7 r(y 3 ) = yi, 7 r(y 4 ) = y 2 . By ? we get a contradiction to the choice of 
scite{6.4} nndehned 

/*•] 

By the choice of y* G we have (a), now (b) follows from (c) by 6.15 by 

indnction on |y\y*|, so it is enongh to prove (c). Assnme (a), ( 7 ) fail and we shall 
prove (/9). So there is Zi G snch that Zi ^ (y*, (A\y*) U{ay», 6y* }}. We can 
hnd Ci,C 2 G A\{ay*,6y*} snch that Ci G y* <->■ C 2 G y* and Ci E Zi ^ C 2 ^ Zi. 
[Why? if y* U Zi ^ A any a G A\y*\yi,C 2 G Zi\Y* will do; so assnme A* U 
Zi = A so as /c + 2 < |A| clearly by 6.14, \Zi fl y*| < 2. As not case ( 7 ) 
of (c), that is by the choice of Zi, necessarily {ay*,6y«} ^ Y* Zi and nsing 
TT G Per(A), 7 r [ Zi = id, 7 r(y*) = Y* by 6.13 we contradict 6.3 + 6.4.] 

Let Z 2 = ZiC (ci, C 2 }\(yi n (ci, C 2 }) so Zi,Z 2 G (^) and \Z 2 fl W] = l^i fl y*| 
and Zi n {ay*,6y*} = Z 2 H {ay*,6y*} hence by 6.12(4) we have Z 2 G and 
clearly |Z’i\Z’ 2 | = 1 - 

By 6.15 we have {azi,bzi} = {az 2 ,bz 2 }- Similarly by (*) we can prove by 
indnction on m = |y\yi| that {azi,bzi} Y Z E (^) Z E & {a^j, 62 } = 
{(iZi,bzi}. If {(3) of (c) fails, then for some Zs E {az^jbzi} ^ Z. Easily 
{az 3 ,bz 3 } Y Z E ^ Z E & {a 2 , 62 } = {az 3 ,bz 3 }. We can hnd A G (^), 
snch that (a^^, 6 ^^, a^ 3 , 6 ^ 3 } C A; contradiction. De-is 



ON THE ARROW PROPERTY SH782 


43 


6.18 Claim. 1) The (*) of 5.6 holds. 

2) In 6.17 clause (c), clause (a) holds. 

Proof. 1) Obvious by part ( 2 ) from (a). 

2) First assume (/9), so by ?, clause (b), 6.3 + 6.4 we have without loss of generality 
scite{6.17} undehned 

either {a, 6 } = {ay*, by*} C F e ^ fria^b) = b or {ay*, by*} ^ Y e ^ 
fy{ay*,by*) = by* = f(by*,ay*). In both cases /* is simple and not a monarchy 
contradiction to 5.2. 

Second, assume ( 7 ). Let {tti : i < i*) be a list of the permutations tt of X such that 
Tl{ay*} = [ay*, by*}. 

Let /* be f* conjugated by Now dehne ( 7 * for i < i* hy induction on i : 
g^{xi,X 2 ) = xi,g'^^{xi,X 2 ) = f*{g\r{xi,X 2 ),X 2 ). So g^* e ^[ 2 ] and dom 2 ( 5 r**) = 
dom 2 (/*) where dom 2 ( 5 ') = {{Z,a,b) : a,b ^ Z E (^) and gz{a,b) = b^ a}, 

i<i* 

SO domi((7* ) = domi(/*) hence 

(*)i gy{ai,a2) = a2 if {ai,a 2 } = [ay*,by*} 
i *)2 fi'y ( 01 ,^ 2 ) = ai if {ai,a 2 } ^ [ay*, by*}. 

Y\q.18 


Now g is simple but not a monarchial contradiction to 5.2. 
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§7 The case r > 4 

7.1 Hypothesis, r = r(^) > 4. 

7.2 Claim. 1) For every f G there is £{f) G {1,... ,r} such that 

® if Y E (■^),« G |i?an 5 f(a)| < r (i.e. a is not one-to-one) then /y(a) = 

2 ) r < k. 


Proof. 1) Clearly there is a two-place function h from {1,..., r} to {1,..., r} such 
that: if G T G {^),yi ^ yk A £ k ^ /y (yi,..., = yh{£,ky: we have 

some freedom so let without loss of generality 

m £^k^ h{£,k) ^ k. 


Case 1 : For some x G Y G (^) and £1 7 ^ /ci G {1,..., r} we have 

|Rang(7)| — r — 1 


— ^ki 

frix) ^ X£^, 


equivalently: h{£i,ki) ^ {£,k}. 

Without loss of generality £i = r — 1, ki = r, /y(7) = xi (as by a permutation a of 
{ 1 ,..., r} we can replace / by /'^ : fyixi ,..., 2 : 2 ) = frix^ii): • • ■, a:<T(r)))- 

We can choose Y G (^) and a: 7 ^ y in T so h{x, y,... ,y) = x hence £ ^ k E 
{2, ^ h{£,k) = 1. 

Now for £ G {2,, r} we have agreed /i(l, £) 7 ^ (see Kl), as h ( {(m, n) : 1 < m < 
n < r} is not constantly 1 (as / is not a monarchy) for some such £,h{l,£) 7 ^ 1 
so without loss of generality/i(l, 2) 7 ^ 1, 2, so without loss of generality/i(l, 2) = 3 
but as r > 4 we have \i x ^ y eY E (j^) then frix, x,y,y,... ,y) \s y as h{l, 2) = 3 
and is x as h(3,4) = 1 , contradiction. So 

(§) h \ {{£, k) : 1 < £ < k < r} is constantly 1 . 
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X G is with repetitions h{x) = xi 


as required. 


Case 2 : Not Case 1. 

So h{£jk) e {£, /c} for £ ^ k G Now let Y G {^),x ^ y and 

look at /y(t, x,y,y, ...) it is both x as /i(l, 2) G {1, 2} and y as /i(3, 4) G {3,4}, 
contradiction. 

2) This follows as if / G and k < r{£X) and £{*) is as in part (1) then 
frix) — always, as has repetitions by pigeon-hull. ^7.2 


7.3 Definition. / = fr-i,k — is the r-place function 


frix) 


Xi X is with repetitions 
Xk otherwise 


7.4 Claim. 1) If fr-i ,2 ^ ^ then fr-£,k ^ tX for £ ^ k. 

3) If fr-1,2 G r > 3 then fr+i-i,2 e 

Proof. 1) Trivial. 

2) Let r > 5 for g{xi,... ,Xr+i) = /r, 1 , 2 (^ 1 , T 2 , T 3 (a:i,...)...Tr(a:i,...)) where 

Tm = /r,l,m(Tl, . . . , Xm, Xm+2, • • • , Xr+l) that is Xm+1 IS OUlitted. 

Continue as in the proof of 2.7. 07.4 

7.5 Claim. Assume Y G (^),h G ^Y is one-to-one. There is f = fY,a G such 
that fY,a{h) = 02 and fz,d{b) = 61 if Z E (^) and b G is not one to one (so (*) 
of 5.6 holds). 


Proof. Let / G tXr be not monarchical, and without loss of generality £(*) = 1 in 
7.2. By being not a monarchy, for some T, d and some k G {2,..., r} we have 
/(a) = Ok ^ oi; necessarily d is one-to-one. Conjugating by tt G Per(X) we get 
any Y, d and permuting [2, r], we get /y,a(h) = 02. Dy.s 
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